Abstract. In this paper distribution results are proved on the cost of insertion in digital search trees, (binary) tries and Patricia tries. A method from the calculus of finite differences is used to achieve asymptotic results.
Introduction
An important class of algorithms in computer science is concerned with storing and searching for data in well-designed data structures, i.e., "digital search trees", "tries" (from information retrieval) and "Patricia tries" (from practical algorithm to retrieve information coded in alphanumeric).
In the following we will present a short description of these data structures; for an extensive presentation we refer to [5, 6] . Our main purpose in this paper is the asymptotic analysis of the variances of characteristic parameters of these data structures. Considering digital search trees, we assume that each item has a key being an infinite sequence of 0 and 1, where 0 means "go left" and 1 means "go right", until an empty space is available for the insertion of the item (cf. Patricia tries are constructed from tries by collapsing one-way branches on internal nodes as shown in Fig. 3 . In all three cases our parameter of interest is the cost of insertion of data. The expectations of these parameters were determined by Knuth [2] by means of the Mellin integral transform. Flajolet and Sedgewick gave alternative derivations in [l] ; they use a rather simple but very useful formula due to S.O. Rice making the whole story easier and more transparent (compare Lemma 2.1). For the computation of the variances, different probabilistic models are meaningful which coincide for the expectations: One possibility is to assume the uniform distribution on the set of possible keys (i.e., O-l sequences); work on this is in progress together with W. Szpankowski. Another possibility is to base the model on trees rather than sequences. We will choose this approach here, whence we have to go into more details.
Let htG'(z) be the generating function with [z"]hE'(z) (i.e., the coefficient of zk in ht$(z)) the expected number of external nodes at level k in the family of tries built from N records with keys from random bit streams. It should be emphasized that the expectation of the insertion cost is (h[N")'( l)/ N. A similar interpretation holds for Patricia tries and digital search trees (where, in the latter instance, the internal nodes have to be counted), with the obvious notations h':'(z) respectively h[N" '(z) In Sections 2 to 4 of this paper we deal with the variances in all three cases; this quantity was never studied up to now. We use Rice's (or Flajolet's and Sedgewick's) method since we feel that the original approach of Knuth might be too complicated and less transparent (even though we recently learned from W. Szpankowski that a Mellin transform approach might be feasible; compare [S, 61).
Since it is needed in the further considerations, we cite the following result. So the averages are of order log N.
In Sections 2 to 4 we will prove the following result on the variances, which shows that they are of order 1. Ignoring the small fluctuations we have the following corollary. These results can be found in [2] .
In the last section we will consider the distribution of various types of nodes in the three types of data structures. This is a continuation of the investigations of [ 11,
where Flajolet and Sedgewick have solved an open problem of Knuth, namely to determine the expected number of internal nodes 0 of the type in digital search trees built from N records.
Tries
Let h,(z) be the generating function mentioned in the introduction (in this section always referring to tries). From [3] we know the recursion Z' Irk(Z), NZ2,
We need some more generating functions: 
The asymptotic evaluation of this alternating sum is now attacked by "Rice's method" using a classical formula for finite differences [4]. (1 -21P')2 L2u2
Calculating the residues of (4) we obtain, by (3),
Inserting the asymptotic expansion of the harmonic numbers and using the asymptotic equivalents for h',( 1) from Theorem 1.1, we get Theorem 1.2 [T].
Patricia tries
We keep the notation of Section 2, but now always referring to Patricia tries. The recurrence relation for hN (z) is now
The functional equation for W(z) reads
where [l] h,(z) = h,(z) = 1.
(7) NOW h';(l) = Cka2 (f)w, and we may apply Lemma 2.1 with
We may now use the local expansions from (5) together with
.
Next we use the local expansions from (6) For the asymptotic evaluation of h: (l) we use again Lemma 2.1 with
(10)
We start with the local expansion for u = z -1 + 0:
Now we have the following general rule for the derivatives of a product of the form
We apply these formulae with fk(u) = 2m"Pk to get The expansions for u = z -wk + 0 read
Thus we find 
Distribution of various types of nodes
In solving an open problem due to Knuth, Flajolet and Sedgewick [l] have
ID1
counted the average number A, o f nodes with both sons external nodes in digital search trees built from N records with keys from random bit streams. Dr,'=+(lN+l-N). 
A 
